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Abstract

DC-DC converters are electronics elements which change voltage level based on switching.
Unlike linear circuit topologies, modeling and control of DC-DC converter circuits are fairly
difficult due to their switched structure. The main problems are to model semiconductor
switches, to identify various circuit structures and model the converter following an analysis of
the states. State-space model and system modeling are effectively used in converter designs.
The required transfer function is obtained thanks to a small signal analysis of the system
modeled using state-space model at a certain operating point. In optimal controlling methods,
the controller parameters based on the transfer function of the controlled system are minimized
using a known error criterion. Linear Quadratic Regulator (LQR) controller is one of the most
widely used optimal control methods. Linear Quadratic Integral (LQI) controller is obtained by
adding integral control to the LQR in order to increase the performance of control system.

In this study, the circuit model of an optimal control system was designed in Matlab/Simulink
by obtaining the state-space of a buck DC-DC converter using small signal model. The
reference voltage and output load of the buck DC-DC converter were varied to compare
dynamic performances of LQR and LQI controllers.
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1.Introduction

In today’s world, rapid industrial development requires the use of power electronics circuits. A
number of converters have been so far proposed in parallel with the developments in the field
of power electronics. Various types of DC-DC converter circuits exist. While some converters
are used to decrease or increase voltage, some types are used to both increase and decrease
voltage (Calderon ve ark., 2006 ; Dekker ve ark.,1984) Buck DC-DC converter is a power
electronics circuit that converts input voltage level into a voltage level lower than the input
voltage level. The stability of a control system designed for a buck DC-DC converter depends
on dynamic modeling. The linear model of a buck DC-DC converter is obtained thanks to
average state-space method using circuit state equations. The closed loop transfer function of a
buck converter is obtained after its dynamic characteristics are determined using small signal
analysis (Wu ve ark., 2015 ; Prabhala ve ark., 2016) In this study, dynamic model of the buck
converter at continuous current mode was first obtained using small signal state-space method.
Afterwards, LQR and LQI controllers were designed for the buck converter to compare
dynamic responses of the controllers to different system conditions (changing reference voltage
and output load change).

2.Circuit Analysis of DC-DC Buck Converter
The structure of a simplified buck DC-DC converter is shown in Figure 1. Inductor current and

capacitor voltage of the buck converter as state variables were denoted as iy and Vg,
respectively.
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Figure 1. Buck type DC-DC converter circuit

The equivalent circuit in Fig. 2 is obtained when (S) switch is on.
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Fig. 2. The equivalent circuit of the buck converter when the switch is on.

When S switch is on, the equations defining the dynamic behavior of the circuit are given in
Egs. 1 and 2.
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Fig. 3. The equivalent circuit of the buck converter when the switch is off.

The equivalent circuit in Fig. 3 is obtained when (S) switch is off. The equations defining the
dynamic behavior of the circuit when S switch is off are given in Egs.3 and 4.
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The relationship between the output and input voltage at steady state for an ideal buck type DC-DC
converter is defined as given in Eq. 5.

c in (5)

T 1,
D — on — on ( 6)
r 1I,+1,

Ton denotes “Logic 1, On” duration of PWM, Ty is the “Logic 0, Off” duration of PWM, T
represents the period of PWM, and D defines the duty ratio. For average state-space model, x(?)
state variables and state equations with u(z) being control input signal can be given in vector

matrix form using differential equations as shown in Egs. 7-8 (Mohan ve ark., 2002; Erickson,
1997).

dx(t)

= Ax(t)+ Bu(t) (7)

y(t)=Cx(1) (8)

When the switch is off (Son=D), the average state-space- form of the buck converter can be
written as shown in Eq. 9.
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When the switch is off (Soff =1-D), the average space-state form of the buck converter can be
written as shown in Eq. 10.

di, (¢) 1

dt . Z i,(?) 0

ot ol "
dt C RC

When the switch is both on and off, the average value coefficients of average space-state model
of the buck DC-DC converter are given in Egs. 11-12-13

A= A4S, + A4S, (11)

B=BS, +B,S,, (12)

C=GCS,, +CS,; (13)

Average state-space model of the buck DC-DC converter using 4, B, C coefficients are given
in Egs. 14-15.

a0 (, _1 .,
| _ L |[i® -
LAY R [Vc(r)j+ L) (9

dt C RC
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The variations at operating point for the buck DC-DC converter can be written using small signal
model (c? ,I7C,I7g,fL ) as follows:

d=D+d;V, =V +V;V, =V, +V i, =i +i

The state equation of i; current when the switch is both on and off is given in Eq. 16.

d’%’):d[ﬂn+V;—Vc—ﬁj}a—d)[%(—n—ﬁﬂ 6)

The state equation of I;'c voltage when the switch is both on and off is given in Eq. 17.

i _d ]L+i;—&—ﬁ L9 IL+i;—E—& a7
C C R R

When the switch is both on and off, the small signal model equation of i; current and I;c
voltage is given in Eq. 18.

di, (t) 1), . -
—— . D
a ||° Tl % (2] 8
~ 17 1 ~ L |dt| LV, (18)
| = -——|non) o) Lo
<~ \c ke

If superposition theorem is applied to the output voltage of the buck converter,

V()= T,(5).d(s)+ T, (s)V, (s) 19)
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I/jn (s) =0, Egs. 20-21 are obtained when Laplace transformation of Eq. 18 is used.

- 1.~ V.~ D~
SZL(S)=—ZVC(S)+fd(S)+ZV,-n(S) (20)

sV,(s) =éz¢fs)—(%ji(s) @)

If i, Es) is omitted from Eq. 20 and added to Eq. 21, the switching ratio transfer function based

on output voltage of the buck converter using small signal model is obtained as shown in Eq.
22 (Cheng K.W.E. 2002).

AT )
d(s) LC82+§S+1
3.LQR Control

The term “linear quadratic” function represents the dynamics and quadratic cost function of a
linear system. LQR design is based on the selection of feedback gain, thus minimizing J, the
cost function, and making the selected gain optimal for the related cost function. The system
must be defined using a state-space model for LQR design. The state-space form of the system
is given in Eqs. 23-24.

x=Ax+Bu (23)

y=Cx+Du (24)

The block diagram for the state-space LQR control system is given in Fig. 4.
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Fig. 4. The block diagram for state-space model LQR control.

The cost function, J, for optimal control is defined in Eq. 25.
J= I(xTQx+uTRu)dt (25)
0

Here, Q and R are weight matrices and can be symmetric and positively defined. It is necessary
that Q matrix be completely positive and symmetric for a quadratic form. Q matrix is selected
as a diagonal matrix because it can always be replaced by a symmetric Q matrix in quadratic
control. Feedback control function is defined as follows:

The value of K is calculated as follows:

K=R'B'P (27)
The continuous time algebraic Riccati equation can be solved to calculate P.
A"P+PA—-PBR'B"P+0=0 (28)

Feedback control function is added to J, which is the cost function:
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= | (x"Ox +(—=Kx)" R(—Kx))dt (29)

J=TxT(Q+KTRx)xdt (30)
0

After K matrix is found, state-space equations of the closed loop system are given in Eq.31
(Karanjkar ve ark.,2014).

A — A-BK,B

closed—loop

B,C =C-DK,D

closed—loop = closed—loop closed—loop =

D (3

3.LQI Controller

LQR controller creates a systematical calculation model for state-feedback control gain
matrix. The integral effect in a control system decreases steady-state error for a more robust
system response under changing conditions (changing reference, voltage, and load). LQI
controller is obtained by adding integral effect to the LQR controller. The block diagram for
space state model LQI control system is given in Fig. 5.

Fig. 5. The block diagram for state-space model LQI control system

The average state-space model obtained by adding integral effect to LQR control is given in
Egs. 32-34.
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The newly formed state-space matrices are given in Egs. 35-37.

A, :( 4 Oj (35)
-C 0

BI’IQW' = (B] (36)
0

C,..=(C 0) (37)

K: State-feedback gain can be defined as shown in Eq. 38

K=(k k) (38)

When K; integral effect error gain, feedback gain of the LQI controller can be defined as
shown in Eq. 39.

K,.=(K -k) (39)
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4.Simulation Studies

Except uncontrollable system states, LQR control makes the designed system steady and robust.(
Uchoa Reis ve ark.,2011) In this study, small signal model of the buck converter was taken into
account in the LQR and LQI controller design. The circuit parameters of the buck converter at
continuous current mode are given in Table 1.

Parameters Symbol Value
Input voltage Vin 208V
Inductance L 1 mH
Capacitance C 100 pF
Resistance R 7.55Q
Output voltage V=Vodes 16.64 V
Maximum Power Pinax 36.8 W
Switching Frequency fs 80 Khz
Switching Ratio D 0.8
Reference Current ipdes 22A

Table 1. The circuit parameters of the buck converter at continuous current mode.

Using values in Table 1, the switching ratio transfer function based on output voltage is given
in Eq. 40.

V.(s) 20.8
d(s) 0-0000001s” +0.0001324s+1

(40)

This transfer function must be transformed into a state-space form for LQR controller design.
Transfer function can be transformed into a state-space form using MATLAB #/2ss, which
yielded A, B, C and D matrices given in Eq. 41.
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-1324 24414 256
= ,B= ,C:(O 198.3643),D=0 (41)
4096 0 0

The selection of Q and R matrices determines the optimization in an optimal control system
design. The components of Q and R matrices are selected by a trial and error method to find the
best controller response. Optimal Q and R matrices obtained by a trial and error method using
MATLAB simulation program for LQR controller design are given in Eq. 42.

Q_20000R_1 o
Lo o) 42)

K, which is the gain matrix, was determined using the above-mentioned values of Q and R
matrices thanks to LQR (A, B, Q and R) instructions in MATLAB simulation program.

K =(39.8475 0) (43)

In a LQI controller design, Anew, Brew and Cpeyw state matrices and Kyew state feedback gain
matrix are calculated using A, B and C state matrices and K state feedback gain matrix. 4sew,
Biew and Chey state matrices and Knew state feedback gain matrix are given in Eq. 44-46.

~1324 24414 0
4, =| 4096 0 0 (44)
0 —198.3643 0

256

B, =0 (45)
0

C,.,=(0 1983643 0) (46)
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Optimal Q and R matrices obtained by a trial and error method using MATLAB simulation
program for LQI controller design are given in Eq. 47.

3000 0 0
o=l 0 250 o0 |R=1 (47)
0 0 100

K, which is the gain matrix, was determined using the above-mentioned values of Q and R
matrices thanks to LQR (A, B, Q and R) instructions in MATLAB simulation program.

Km,w=(52.7871 10.3903 —10) (48)

Control rule for LQI controller is given in Eq. 49.

1
d=Dk, i, =1, ~k, (7, ~V, )~k [, =, (49)

0

Vo®=V.,i1% and D values are given in Table 1. Control rule block diagram for LQI controller
is shown in Fig. 6.
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Fig. 6. Control rule block diagram for LQI controller
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LQR and LQI controllers were designed in MATLAB using the circuit model of the buck
converter. During the simulation studies, the reference input tracking performances of LQR and
LQI controllers, which are given step functions, were analyzed. For this purpose, the reference
voltage was increased from 16.64 V to 19.135 V at t=0.025 sec. Dynamic responses of LQR
and LQI controllers analyzed for reference voltage variations are shown in Fig. 7-a.
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Fig. 7. a) Dynamic responses of LQR and LQI controllers for reference voltage variations.
b) Dynamic responses of LQR and LQI controllers for load variation.

When dynamic responses of controllers against different reference variations shown in Fig. 7-a

is analyzed, it can be noted that LQI controller has a better response rate compared to LQR
controller. In addition, LQI controller eliminated steady state errors in different reference
voltages. Secondly, the load value of the buck DC-DC converter was increased from 7.55 Q to
15.1 Q at t=0.025 sec. in order to analyze dynamic responses of LQR and LQI controllers for
load variation, and the results are shown in Fig. 7-b.

When dynamic responses of controllers against load variation shown in Fig. 7-b is analyzed, it
can be noted that LQI controller responded effectively against load variation without any
steady-state errors.
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5.Conclusion

In this study, LQR and LQI controllers were designed in Matlab/Simulink simulation program
for system control by obtaining small signal model of a buck DC-DC converter. LQR controller
only provides modulating gain. Therefore, LQI controller was designed by adding integral effect
to LQR control in order to eliminate steady-state error, improve response rate and obtain a more
effective controller response to load variation. Two different control scenarios (reference voltage
tracking and load variation) were created in order to analyze the dynamic performances of the
controllers. The simulation studies demonstrate that LQI controller displayed a more effective
and robust dynamic performance compared to LQR controller in terms of reference voltage
tracking and load variation.
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